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Abstract
Let F be a ﬁnite ﬁeld of characteristic not 2, and SDF a subset with three elements.
Consider the collection
S ¼ fS  a þ b j a; bAF ; aa0g:
Then ðF ;SÞ is a simple 2-design and the parameter l of ðF ;SÞ is 1, 2, 3 or 6. We ﬁnd in this
paper the full automorphism group of ðF ;SÞ: Namely, if we put U ¼ fr j f0; 1; rgASg and K
the subﬁeld of F generated by U ; then the automorphisms of ðF ;SÞ are the maps of the form
x/gðaðxÞÞ þ b; xAF ; where bAF ; a : F-F is a ﬁeld automorphism ﬁxing U ; and g is a linear
transformation of F considered as a vector space over K:
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
Clay [3] ﬁrst observed that the usual Euclidean geometry of the complex plane can
be obtained using a double planar nearring structure imposed on it. This was done
by ﬁrst factoring the multiplicative group of the complex ﬁeld as the direct product
of the positive reals and the unit circle, and two planar nearring structures were
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obtained. Then using these planar nearrings he deﬁned rays, segments and triangles
using one of the nearrings and circles using the other. These geometric results can be
extended to other ﬁelds, including ﬁnite ﬁelds, where the multiplicative group can
be suitably factored.
The goal of this paper is to describe the full automorphism group of certain
simple 2-ðv; 3; lÞ designs which arise from such geometrical consideration
(also cf. [10]).
Given a triple system ðV ;BÞ; a natural question is to ﬁnd out which permutations
of V arise as automorphisms of the triple system (cf. [4, p. 134]). On the other hand,
it was proved that for any ﬁnite abstract group G there exists a Steiner triple system
whose automorphism group is isomorphic to G [8]. Therefore, no description of the
automorphism group of a triple system can be obtained in general. It is thus
reasonable to investigate the automorphism groups of triple systems constructed in
certain ways, say, from ﬁnite ﬁelds.
Let V be a ﬁnite dimensional vector space over a ﬁeld K and let L be the collection
of the lines Ku þ v; vAV ; uAV  ¼ V \f0g: From the fundamental theorem of
geometry, we know that the collineations of ðV ;LÞ are the products of the
translations and the semilinear transformations of V : When K is ﬁnite, ðV ;LÞ is a
simple 2-design with l ¼ 1; and the collineations are exactly the automorphisms of
the design. In this case, if we view V as a ﬁnite extension ﬁeld of K ; then the
collineations are the maps of the form v/gðaðvÞÞ þ u; vAV ; where a : V-V is a
ﬁeld automorphism, gAGLðV ; KÞ and uAV :
For the rest of this article, we set F to be a ﬁnite ﬁeld of characteristic pa2 with q
elements, and let F ¼ F \f0g: Take a subset SDF with jSjX2; and consider the
collection
S ¼ fS  a þ b j a; bAF ; aa0g ¼ fSTa;b j a; bAF ; aa0g ¼ SG;
where G ¼ fTa;b j a; bAF ; aa0g; and Ta;bðxÞ ¼ x  a þ b for all xAF : Then ðF ;SÞ is
still a simple 2-design. In the last section of this paper, we shall ﬁnd the full
automorphism group of ðF ;SÞ when S is a certain subset of three elements of F :
Some cases along this line have been studied. The subgroup G1 ¼
fTa2;bAG j a; bAF ; aa0g of G is 2-homogeneous on F ; and so if we take S1 ¼
SG1 ; then ðF ;S1Þ is still a 2-design. In particular, if 3ojF j 
 3 ðmod 4Þ; then
(1) S ¼ QðFÞ ¼ fa2 j aAF g makes ðF ;S1Þ the Paley design HðqÞ; where q ¼ jF j
[6, p. 97];
(2) if S is a subgroup of QðFÞ; then the group AG2Lð1; FÞ of all mappings
x/sðxÞa þ b; where aAQðFÞ; bAF and sAAutðFÞ; is a maximal automorphism
group of ðF ;S1Þ of odd order [7, Proposition 6.1].
(3) if jF j 
 7 ðmod 12Þ and S ¼ f0; 1; eg; where e is a primitive sixth root of unity,
then the design ðF ;S1Þ is a Steiner triple system (and was sometimes referred to
as a Netto design). Moreover, except for jF j ¼ 7; the full automorphism group
of ðF ;S1Þ is exactly the group AG2Lð1; FÞ [9, Section 1].
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In this article, we consider the case when S ¼ SG where S is a three element subset
of F : Since G is 2-transitive on F ; there is a block f0; 1; tgAS for some tAF \f0; 1g;
and S ¼ f0; 1; tgG: We thus ﬁx such a t and denote S by St: The cardinality of the set
Ut ¼ ft; t1; 1 t; ð1 tÞ1; 1 t1; ð1 t1Þ1g ð1:1Þ
will be shown (Lemma 2.1) to be the parameter l of the simple 2-ðq; 3; lÞ design
ðF ;StÞ:
In order to describe the automorphism group of ðF ;StÞ; we deﬁne the following
groups:
(1) Denote by SymðXÞ the permutation group on any set X :
(2) Let At be the group of automorphisms s of the ﬁeld F such that sðUtÞ ¼ Ut:
(3) For any subﬁeld K of F ; let GLðF ; KÞ denote the group of the K-linear
automorphisms of F considered as a vector space over K :
(4) Let AGLðF ; KÞ ¼ fTg;b j bAF ; gAGLðF ; KÞg; the afﬁne general linear group of
F over K : Here Tg;b : F-F is given by Tg;bðxÞ ¼ gðxÞ þ b for all xAF : Note that
Tg;bTh;d ¼ Tgh;gðdÞþb for all b; dAF ; g; hAGLðF ; KÞ: ð1:2Þ
If K ¼ F ; then GLðF ; KÞDF : In this case, we shall identify GLðF ; FÞ with F ;
and so AGLðF ; FÞ ¼ G:
Now, we state the main theorem.
Theorem 1.1. Let F be a finite field of characteristic pa2; and let tAF \f0; 1g: Let Ut
be as given in (1.1), and K the subfield of F generated by Ut: Unless tAf1; 2; 12g and
char F ¼ 5; or t is a root of one of the polynomials listed in (3.3), the full automorphism
group of the 2-design ðF ;StÞ is AGLðF ; KÞAtDAGLðF ; GFðpÞÞ: Consequently, the
automorphisms of ðF ;StÞ are the maps x/gðaðxÞÞ þ b; xAF ; where bAF ; a : F-F
is a field automorphism fixing Ut; and g is a linear transformation of F considered
as a vector space over K.
2. The 2-design ðF ;StÞ
Note that t was taken from F \f0; 1g: Denote by D the 2-design ðF ;StÞ: We shall
argue that the parameter l of D is exactly the cardinality of the set Ut as deﬁned in
(1.1). (Thus, lp6:) First, we observe that
if rAUt; then r1AUt and 1 rAUt; ð2:1Þ
Ut ¼ Ur for all rAUt: ð2:2Þ
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Lemma 2.1. f0; 1; rgASt if and only if rAUt: Consequently, l ¼ jUtj:
Proof. Set U ¼ frAF j f0; 1; rgAStg: If rAU ; then Tr1;0f0; 1; rg ¼ f0; r1; 1gASt
and T1;1f0; 1; rg ¼ f1; 0; 1 rgASt: Therefore, r1 and 1 r are in U as well.
Note that Ut is the smallest subset of F satisfying (2.1) and since tAU ; we have
UtDU : Finally, let xAU : Then, by the deﬁnition of U ; there exist aAF  and bAF
such that
fb; a þ b; at þ bg ¼ f0; 1; xg:
This equality yields six systems of linear equations. It is easy to check that each of
them has a unique solution ða; b; xÞ; and in all cases xAUt: Therefore, U ¼ Ut: &
In the following situations, the cardinality of Ut is less than 6:
(1) If t is a primitive sixth root of unity, then t2  t þ 1 ¼ 0; and so
t ¼ t  1
t
¼ 1
1 t and 1 t ¼
t
t  1 ¼
1
t
;
and in this case jUtj ¼ 2:
(2) If t ¼ 2; then
t
t  1 ¼ t ¼ 2;
1
t
¼ t  1
t
¼ 1
2
and 1 t ¼ 1
1 t ¼ 1:
Hence, jUtj ¼ 3 if char Fa3; and jUtj ¼ 1 if char F ¼ 3:
(3) If t ¼ 1
2
; then
1 t ¼ t ¼ 1
2
;
1
1 t ¼
1
t
¼ 2 and t
t  1 ¼
t  1
t
¼ 1:
Hence, jUtj ¼ 3 if char Fa3; and jUtj ¼ 1 if char F ¼ 3:
(4) If t ¼ 1; then
1
t
¼ t ¼ 1; 1 t ¼ t  1
t
¼ 2 and 1
1 t ¼
t
t  1 ¼
1
2
:
Hence, jUtj ¼ 3 if char Fa3; and jUtj ¼ 1 if char F ¼ 3:
Conversely, if jUtjo6; i.e., some of the six expressions of (1.1) are the same, then
at least one of the identities listed in (1)–(4) above must hold. It is easy to see that, in
this case, we have tAf1; 2; 1
2
g; or t is a primitive sixth root of unity.
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Thus we have
Proposition 2.2. Let F ¼ GFðqÞ with char Fa2; and tAF \f0; 1g: Let D ¼ ðF ;StÞ be
the simple 2-ðq; 3; lÞ design as defined above. Then
l ¼
1 if char F ¼ 3 and t ¼ 2;
2 if t is a primitive sixth root of unity;
3 if char Fa3 and tAf2;1; 1
2
g;
6 otherwise:
8>><
>>:
We note that it was shown in [5] that for given l and q; a simple 2-ðq; 3; lÞ design
exists if and only if lpq  2; lqðq  1Þ 
 0 ðmod 6Þ and lðq  1Þ 
 0 ðmod 2Þ:
3. The set Ut
The set Ut; a subset of the multiplicative group F
; has a special property in most
situations. This property is a key toward our proof of the main theorem.
Consider the following condition for a ﬁnite subset M of an arbitrary
(multiplicative) abelian group:
uM-vM ¼ f1; uvg for all u; vAM with uav: ðÞ
Such a subset M has the following property:
If u; v; r; sAM such that ur ¼ vs; then ur ¼ 1; or u ¼ v; or u ¼ s: ð3:1Þ
By hypothesis, if uav; then uM-vM ¼ f1; uvg: Since ur ¼ vsAuM-vM; we have
either ur ¼ 1 or ur ¼ uv: The latter case implies that r ¼ v (hence u ¼ s), and (3.1)
follows.
We need Ut; a subset of the multiplicative group of F ; to satisfy () for our future
arguments on the automorphism group of D: This is not true in general, but as
we shall see that Ut has the property () unless tAf1; 2; 12g when char F ¼ 5; or
when t is a root of some speciﬁc polynomial of degree at most 4.
First assume that jUtjo6: It obvious that if char F ¼ 3; or if t is a primitive sixth
root of unity, then Ut satisﬁes (). On the other hand, it is easy to check that if
tAf1; 2; 1
2
g; then Ut satisﬁes () provided that char Fa5:
So, assume that jUtj ¼ 6: Since r1AUt for all rAUt; we have from (3.1) that Ut
satisﬁes () if and only if
if u; v; r; sAUt and u ¼ vsr; then uAfv; s; rg: ð3:2Þ
Now, in view of (1.1), each equation u ¼ vrs; where u; v; r; sAUt with uefv; r; sg;
gives rise to a polynomial (symbolically), and if such a polynomial has a root
belonging to Ut; then condition (3.2) is not satisﬁed. Using Maple, we checked all
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possible equations, and obtained the following sets of polynomials:
t2 þ t  1; t2  t  1; t2  3t þ 1;
t3  t2  1; t3  2t2 þ t þ 1; t3 þ t2  2t þ 1;
t3  3t2 þ 4t  1; t3 þ t  1; t3  4t2 þ 3t  1;
t4  3t3 þ 6t2  4t þ 1; t4  t þ 1; t4  t3 þ 3t2  3t þ 1;
t4  3t3 þ 3t2  t þ 1; t4  4t3 þ 6t2  3t þ 1; t4  t3 þ 1: ð3:3Þ
We have
Proposition 3.1. Let F ¼ GFðqÞ with char Fa2; and let tAF \f0; 1g: Then the
condition () holds for Ut unless tAf1; 2; 12g and char F ¼ 5; or t is a root of one of
the polynomials listed in (3.3).
4. Proof of Theorem 1.1
We start with a technical lemma which we state using the language of group
theory.
Lemma 4.1. Let G be a finite multiplicative abelian group, M a nonempty subset of G,
and sASymðGÞ: Let H ¼ /MS be the subgroup of G generated by M. Suppose that
the following conditions are satisfied:
(i) M contains at most one element of order 2,
(ii) u1AM for all uAM;
(iii) for all u; vAM with uav; uM-vM ¼ f1; uvg;
(iv) sðMÞ ¼ M and sð1Þ ¼ 1;
(v) there exists a map m : G-SymðMÞ; g/mg; such that
sðguÞ ¼ sðgÞmgðuÞ for all gAG and uAM:
Then sðHÞ ¼ H and sjH is an automorphism of H.
Proof. We observe that if sjH is indeed an automorphism of H; then, for aAH and
uAM; it holds that sðaÞsðuÞ ¼ sðauÞ ¼ sðaÞmaðuÞ by (v); therefore, sðuÞ ¼ maðuÞ for
all aAH and uAM: Conversely, if we could show that maðuÞ ¼ sðuÞ for all aAH and
uAM; then it would follow that sðauÞ ¼ sðaÞmaðuÞ ¼ sðaÞsðuÞ for all aAH and
uAM: From the fact that H ¼ /MS and sðMÞ ¼ M; we would conclude that
sðHÞDH and sðabÞ ¼ sðaÞsðbÞ by induction. It would be clear that sðHÞ ¼ H; and
sjH is an automorphism of H:
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First of all, we claim that
mvðuÞ ¼ sðuÞ for all u; vAM: ð4:1Þ
For any u; vAM; it follows from (v) that
sðuÞmuðvÞ ¼ sðuvÞ ¼ sðvuÞ ¼ sðvÞmvðuÞAsðuÞM-sðvÞM: ð4:2Þ
Since sðMÞ ¼ M and since (iii) implies (3.1), it follows that
sðuÞmuðvÞ ¼ 1; or sðuÞ ¼ sðvÞ; or sðuÞ ¼ mvðuÞ for all u; vAM:
But
sðuÞ ¼ sðvÞ3v ¼ u and
sðuÞmuðvÞ ¼ 13sðuvÞ ¼ 13v ¼ u1;
(
as s is bijective and sð1Þ ¼ 1: Therefore, we conclude that
mvðuÞ ¼ sðuÞ if uAM and vAM\fu; u1g: ð4:3Þ
Next, as mvASymðMÞ for all vAM and sjMASymðMÞ; we infer that
fmuðuÞ; muðu1Þg ¼ fsðuÞ; sðu1Þg ¼ fmu1ðuÞ; mu1ðu1Þg for all uAM: ð4:4Þ
Substituting u1 for v in (4.2) and recalling that sð1Þ ¼ 1; we see that
muðu1Þ ¼ sðuÞ1 and mu1ðuÞ ¼ sðu1Þ1 for all uAM: ð4:5Þ
Assume that M contains no elements of order 2. Then for uAM; we have
sðuÞasðuÞ1: Since muðu1Þ ¼ sðuÞ1 by (4.5), muðu1ÞasðuÞ: Therefore muðu1Þ ¼
sðu1Þ and muðuÞ ¼ sðuÞ for all uAM: Combining with (4.3), we conclude that
mvðuÞ ¼ sðuÞ for all u; vAM as claimed.
On the other hand, assume that M contains a unique element of order 2, w; say.
Then, from (4.3), we have
mwðuÞ ¼ sðuÞ for all uAM\fwg: ð4:6Þ
Since mwASymðMÞ and sjMASymðMÞ; (4.6) implies that mwðwÞ ¼ sðwÞ and so
mwðvÞ ¼ sðvÞ for all vAM: ð4:7Þ
Next,
1 ¼ sð1Þ ¼ sðw2Þ ¼ sðwÞmwðwÞ ¼ sðwÞ2;
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hence, as w is the unique element of order 2 in M; we have
sðwÞ ¼ w:
Consequently, for uAM\fwg; we have sðuÞasðuÞ1; and from (4.4),
fmuðuÞ; muðu1Þg ¼ fsðuÞ; sðu1Þg: Therefore, we conclude from (4.5) that muðu1Þ ¼
sðu1Þ and muðuÞ ¼ sðuÞ when uaw: Consequently, mvðuÞ ¼ sðuÞ for all u; vAM: Our
claim is now proved.
Next, let bAH be such that
mbðuÞ ¼ sðuÞ for all uAM: ð4:8Þ
We will show that mbvðuÞ ¼ sðuÞ for all u; vAM: Since H is a ﬁnite group generated
by M; every element a of H is a product of ﬁnitely many elements of M: An easy
induction argument will then yield that maðvÞ ¼ sðvÞ for all aAH and vAM:
For any u; vAM; we have, from (v) and (4.8), that
sðbuvÞ ¼ sðbuÞmbuðvÞ ¼ sðbÞmbðuÞmbuðvÞ ¼ sðbÞsðuÞmbuðvÞ; ð4:9Þ
and
sðbvuÞ ¼ sðbvÞmbvðuÞ ¼ sðbÞmbðvÞmbvðuÞ ¼ sðbÞsðvÞmbvðuÞ; ð4:10Þ
hence,
sðuÞmbuðvÞ ¼ sðvÞmbvðuÞAsðuÞM-sðvÞM:
Therefore we have sðuÞmbuðvÞ ¼ 1; or sðuÞ ¼ sðvÞ; or sðuÞ ¼ mbvðuÞ: Again, from
sðuÞ ¼ sðvÞ3v ¼ u and
sðuÞmbuðvÞ ¼ 13sðbuvÞ ¼ sðbÞ3v ¼ u1;
(
we conclude that
mbvðuÞ ¼ sðuÞ if uAM and vAM\fu; u1g: ð4:11Þ
Substituting u1 for v in both (4.9) and (4.10) we get
mbuðu1Þ ¼ sðuÞ1 and mbu1ðuÞ ¼ sðu1Þ1 for all uAM: ð4:12Þ
As above, we ﬁrst infer that fmbuðuÞ; mbuðu1Þg ¼ fsðuÞ; sðu1Þg and then conclude
that mbvðuÞ ¼ sðuÞ for all u; vAM: Therefore, maðuÞ ¼ sðuÞ for all aAH and uAM by
induction, and we are done. &
We remind that K is the subﬁeld of F generated by Ut (hence by t). Thus, every
element of AGLðF ; KÞ is an automorphism of the 2-design D: Moreover, given
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a; b; dAF ; aa0; and gAGLðF ; KÞ; we have gðtÞ ¼ t and
Tg;dTa;bf0; 1; tg ¼ TgðaÞ;gðbÞþdf0; 1; tg; and so Tg;dTa;bAAGLðF ; KÞ:
Recall also thatAt is the group of automorphisms s of the ﬁeld F such that sðUtÞ ¼
Ut: One can easily check that every element of At is also an automorphism of D:
Finally, denote by O the subgroup of AutðDÞ whose elements are the automorphisms
t of D with tð0Þ ¼ 0 and tð1Þ ¼ 1:
Lemma 4.2. The following conditions are equivalent:
(i) ODGLðF ; GFðpÞÞ;
(ii) sð1Þ ¼ 1 for all sAO:
Proof. ðiÞ ) ðiiÞ is obvious. Assume that (ii) is satisﬁed. Let sAO and a; bAF : Then
ma ¼ TsðaÞ1;0sTa;0 and ta;b ¼ T1=c;sðbÞ=csTa;b; where c ¼ sða þ bÞ  sðbÞ;
are automorphisms of D with mað0Þ ¼ 0 ¼ ta;bð0Þ and mað1Þ ¼ 1 ¼ ta;bð1Þ; i.e.,
ma; ta;bAO: Thus
1 ¼ mað1Þ ¼ sðaÞ=sðaÞ;
1 ¼ ta;bð1Þ ¼ ðsða þ bÞ  sðbÞÞ=ðsða þ bÞ  sðbÞÞ;
and so
sðaÞ ¼ sðaÞ; ð4:13Þ
sða þ bÞ þ sða þ bÞ ¼ 2sðbÞ: ð4:14Þ
Exchanging the roles of a and b in (4.14), we get
sðb þ aÞ þ sðb þ aÞ ¼ 2sðaÞ: ð4:15Þ
Since sðb  aÞ ¼ sðða  bÞÞ ¼ sða  bÞ by (4.13), we have 2sða þ bÞ ¼ 2sðaÞ þ
2sðbÞ: With char Fa2; we conclude that sða þ bÞ ¼ sðaÞ þ sðbÞ: Therefore s is an
automorphism of the additive group of the ﬁeld F ; hence a linear transformation of
the vector space F over the ﬁeld GFðpÞ: &
Lemma 4.3. Let G be the group of all automorphisms a of the field K such that
aðUtÞ ¼ Ut: Then jGjp3:
Proof. We shall keep in mind that Ut generates K : Since the automorphism group of
the ﬁeld K is a cyclic group generated by the map x/xp; xAK ; we conclude that G;
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being a subgroup of a cyclic group, is cyclic as well. Obviously
að1 xÞ ¼ 1 aðxÞ and aðx1Þ ¼ aðxÞ1 for all xAUt and aAG: ð4:16Þ
Since Ut generates the ﬁeld K and Ut is generated by any its element under the
operations x/x1 and x/1 x; (4.16) implies that any aAG is uniquely
determined by its value on any rAUt:
If jUtjp3; then our statement is obvious. So, let jUtj ¼ 6: If aAG and aðrÞ ¼ r for
some rAUt; then aðxÞ ¼ x for all xAUt; therefore
if aAG and aðrÞ ¼ r for some rAUt; then a ¼ idK : ð4:17Þ
Here idK denotes the identity map of K : Now, let s be a generator of G: There are
ﬁve cases to consider.
Case 1: Assume that sðrÞ ¼ 1 r1 for some rAUt: Then
sðrÞ ¼ 1 r1; sð1 r1Þ ¼ ð1 rÞ1; sðð1 rÞ1Þ ¼ r;
sðr1Þ ¼ ð1 r1Þ1; sðð1 r1Þ1Þ ¼ 1 r; sð1 rÞ ¼ r1
and we see that jGj ¼ jsj ¼ 3:
Case 2: Assume that sðrÞ ¼ ð1 rÞ1 for some rAUt: Set s ¼ 1 rAUt: Then
sðsÞ ¼ 1 sðrÞ ¼ 1 ð1 rÞ1 ¼ 1 s1 and so jGj ¼ 3 by Case 1.
Case 3: Assume that sðrÞ ¼ 1 r: Then sð1 rÞ ¼ 1 sðrÞ ¼ r and so s2ðrÞ ¼ r:
It now follows from (4.17) that s2 ¼ idK and hence jGj ¼ 2:
Case 4: Assume that sðrÞ ¼ ð1 r1Þ1 for some rAUt: Set s ¼ r1AUt: Clearly
sðsÞ ¼ sðrÞ1 ¼ 1 r1 ¼ 1 s and so jGj ¼ 2 by Case 3.
Case 5: Assume that sðrÞ ¼ r1 for some rAUt: Then s2ðrÞ ¼ r and so s2 ¼ idK by
(4.17) forcing jGj ¼ 2:
Finally, since sðtÞAf1 t1; ð1 tÞ1; 1 t; ð1 t1Þ1; t1g; we have jGjAf2; 3g
by the above cases. &
The following result can be found in [1, Lemma 6.6.1]. We include its short proof
here for the reader’s convenience.
Lemma 4.4. Let V be a nonzero vector space over a division ring D with proper
subspaces V1; V2;y; Vn such that V ¼,ni¼1 Vi: Then D is a finite field with jDjon:
Proof. We may assume that Va,iaj Vi for all jAf1;y; ng: For each j; 1pjpn;
pick a vjAV \,iajVi: We have vjAVi if and only if i ¼ j: Since V cannot be a union of
two proper subspaces, we have n42: Consider fv1 þ av2 j aADg: Since jDjXn; one
can ﬁnd a; bAD with aab such that v1 þ av2; v1 þ bv2AVi for some i (Pigeonhole
Principle). But then ða  bÞv2AVi; hence v2AVi; and so v1AVi; a contradiction.
Therefore, jDjon; and the result follows. &
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We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1. Since D is a simple 2-design, every automorphism of D is
uniquely determined by its restriction to F (cf. [2]). It follows that every nonidentical
element of the group AGLðF ; KÞAt induces a nontrivial automorphism of D; i.e.,
AGLðF ; KÞAtpAutðDÞ: Therefore it is enough to show that every automorphism of
D is induced by an element of AGLðF ; KÞAt:
Let s be a given automorphism of D: Since GDAGLðF ; KÞAt is a 2-transitive
subgroup of SymðFÞ; we may assume without loss of generality that
sð0Þ ¼ 0 and sð1Þ ¼ 1; i:e:; sAO: ð4:18Þ
Obviously OG ¼ AutðDÞ; and so it is enough to show that sAAGLðF ; KÞAt:
Let H be the subgroup of F generated by Ut: We notice that
1 ¼ t1ð1 tÞð1 t1Þ1AH: ð4:19Þ
We are now going to check conditions (i)–(v) of Lemma 4.1 for G ¼ F; M ¼ Ut and
s: We have (i) Ut contains at most one element of order 2 since it is a subset of the
multiplicative group of a ﬁeld; (ii) if rAUt then r1AUt; (iii) we have assumed that
for all a; bAUt with aab; aUt-bUt ¼ f1; abg: We see that condition (i)–(iii) of
Lemma 4.1 are satisﬁed.
If rAUt; then sf0; 1; rg ¼ f0; 1; sðrÞg: From Lemma 2.1, we infer that sðrÞAUt:
Hence sðUtÞ ¼ Ut; and so the condition (iv) of Lemma 4.1 is fulﬁlled.
For any bAF; deﬁne mb ¼ TsðbÞ1;0sTb;0: Clearly mb is an automorphism of D:
First, we verify that mbASymðUtÞ: Let rAUt: Since f0; 1; rgASt; we have
f0; 1; mbðrÞg ¼ TsðbÞ1;0sTb;0f0; 1; rgASt:
Again, it follows from Lemma 2.1 that mbðrÞAUt; and so mb is a permutation of Ut:
It is clear from the deﬁnition of mb that sðbrÞ ¼ sðbÞmbðrÞ for all bAF and rAUt;
and this is (v) of Lemma 4.1.
Therefore, all ﬁve conditions of Lemma 4.1 are fulﬁlled and we conclude that
sðHÞ ¼ H and sjH is an automorphism of H: ð4:20Þ
Now, since 1AH by (4.19) and 1 ¼ sð1Þ ¼ sðð1Þ2Þ ¼ sð1Þ2; we have sð1Þ ¼
1: As s is an arbitrary element of O; we see that dð1Þ ¼ 1 for all dAO: It now
follows from Lemma 4.2 that ODGLðF ; GFðpÞÞ; and so
dða þ bÞ ¼ dðaÞ þ dðbÞ for all a; bAF and dAO: ð4:21Þ
Let Kˆ be the subring of F generated by Ut (or, equivalently, by H). Clearly Kˆ is a
ﬁnite integral domain and so it is a ﬁeld, i.e., Kˆ ¼ K : Given x; yAK ; we may
write x ¼Pi ui and y ¼Pj vj for some ui; vjAH: Then it follows from (4.20)
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and (4.21) that
sðxyÞ ¼ s
X
i;j
uivj
 !
¼
X
i;j
sðuivjÞ ¼
X
i;j
sðuiÞsðvjÞ
¼
X
i
sðuiÞ
 ! X
j
sðvjÞ
 !
¼ s
X
i
ui
 !
s
X
j
vj
 !
¼ sðxÞsðyÞ:
Summarizing the above arguments, we have that
every dAO induces an automorphism of the field K such that dðUtÞ ¼ Ut: ð4:22Þ
It follows from Lemma 4.3 that jftjK j tAOgjp3: Set s1 ¼ s; and let s2; s3AO be
such that
if tAO; then tjK ¼ sijK for some 1pip3:
Let
Vi ¼ faAF j sðaxÞ ¼ sðaÞsiðxÞ for all xAKg; i ¼ 1; 2; 3:
We claim that each Vi; iAf1; 2; 3g; is a subspace of the vector space F over K :
Indeed, let a; bAVi and cAK : Given xAK we get from both (4.21) and (4.22) that
sðða þ cbÞxÞ ¼ sðaxÞ þ sðbcxÞ ¼ sðaÞsiðxÞ þ sðbÞsiðcxÞ
¼ sðaÞsiðxÞ þ sðbÞsiðcÞsiðxÞ ¼ sðaÞsiðxÞ þ sðbcÞsiðxÞ
¼ ½sðaÞ þ sðbcÞsiðxÞ ¼ sða þ cbÞsiðxÞ;
and so a þ cbAVi which proves our claim. Next we claim that
V1,V2,V3 ¼ F : ð4:23Þ
Indeed, let bAF  and mb ¼ TsðbÞ1;0sTb;0: We already know that mbAO: Therefore
mbjK ¼ sijK for some 1pip3 and so
sðbxÞ=sðbÞ ¼ mbðxÞ ¼ siðxÞ forcing sðbxÞ ¼ sðbÞsiðxÞ for all xAK :
We conclude that bAVi and hence (4.23) is proved. Since charðFÞa2; jK jX3: It now
follows from Lemma 4.4 that F ¼ Vi for some 1pip3: Given xAK ; we have that
1AVi and so sðxÞ ¼ sð1ÞsiðxÞ ¼ siðxÞ: Therefore
sðbxÞ ¼ sðbÞsðxÞ for all bAF ; xAK : ð4:24Þ
This shows that sjK is an automorphism of the ﬁeld K ; therefore there exists an
automorphism t of the ﬁeld F such that tjK ¼ sjK : Thus we have tðUtÞ ¼ sðUtÞ ¼ Ut
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and so tAAt: Now (4.21) and (4.24) yield that st1AGLðF ; KÞ: Consequently,
sAGLðF ; KÞtDAGLðF ; KÞAt; and the proof is now complete. &
Acknowledgments
The authors express their gratitude to the referees for valuable comments.
References
[1] K.I. Beidar, W.S. Martindale IIIrd, A.V. Mikhalev, Rings with Generalized Identities, Marcel
Dekker, Inc., New York, 1996.
[2] T. Beth, D. Jungnickel, H. Lenz, Design Theory, 2nd Edition, Encyclopedia of Mathematics and
Its Applications, Vol. 69, Cambridge University Press, Cambridge, 1999.
[3] J.R. Clay, Geometry in ﬁelds, Algebra Colloq. 1 (1994) 289–306.
[4] C.J. Colbourn, A. Rosa, Triple systems, Oxford Mathematical Monographs, The Clarendon Press,
Oxford University Press, New York, 1999.
[5] M. Dehon, On the existence of 2-designs Slð2; 3; vÞ without repeated blocks, Discrete Math. 43 (1983)
155–171.
[6] P. Dembowski, Finite Geometries, Springer, New York, 1997 (A reprint of the 1968 Edition).
[7] W.M. Kantor, Automorphism groups of designs, Math. Z. 109 (1969) 246–252.
[8] E. Mendelsohn, On the groups of automorphisms of Steiner triple and quadruple systems, J. Combin.
Theory Ser. A 25 (1978) 97–104.
[9] R.M. Robinson, The structure of certain triple systems, Math. Comp. 29 (1975) 223–241.
[10] Hsin-Min Sun, Planar nearrings and block designs, Ph.D. Thesis, University of Arizona, Tucson,
1995.
ARTICLE IN PRESS
K.I. Beidar et al. / Finite Fields and Their Applications 9 (2003) 400–412412
